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SUMMARY.

On the basis of linearized supersonic—flow theory, the 1ift end
damping in roll have been evelusted for families of thin sweptback
tepered wings with reked—~in and cross-—stream wing tips. Equations were
derived for wings that are wholly contalned within a boundary formed by
the Mach lines, that is, wings with subsonic leading edges, supersonic
trailing edges, and supersonic wing tips. Consideration was glven to
some classes of wings with subsonic 'brail:Lng edges and subsonic wing
tips.

Design charts sre presented which permlit rapld estimation of the
1ift—curve slope CI'cx, and the damping-in-roll derivative C%. Some

1llustrative veriations of the derivatives with aspect ratio, '!;apér
ratlio, Mach number, and leading-edge sweep are also presented and com~
pared with corresponding data for wings with streamwise tips.

INTRODUCTION

A number of papers dealing with the stabllity derivatives of
various isolated wing caonfigurations have been published to date (for
example, references 1 to 8). The present paper considers the 1ift—
curve slope CLd' and the damping-in-roll derivatbive Clp for certain

plan forms not yet treated in detail. ’

Equations and formulas, which are subjJect to the usual restrictions
and limitations of linearized thin-eirfoll theory, are derived for the .

{ THLS I
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117t and demping in roll of sweptback tapered wings with reked—in and
cross—-stream wing tips at supersonilc speeds. The results are applicable
to wings with subsonlc leading ed.ges s supersonic trailing edges, and
supersonic wing tips. '

Calculations are presented in the form of deslign charts for families
of wings with (a) raked—in wing tips, such that—the inclinatione of the
tlp and trailing edge from the free—stream directlon are equal, and
(b) cross—etream wing tips. Approximations for certain types of subsonic
"trailing edges snd subsonic wing tips are included in order to extend the
range of design paremeters under comsideration.  Some illustrative vari—
atlons of the derivatives with the parameters — Mach number, aspect ratio,
taper ratio, and leading-edge sweep — are also presented and compared
with results for streamwlse—tip wings.

SYMBOLS

X,¥2 Cartesian coordinates

v . flight speed

o angle of attack

P,q,T angular velocitles sbout X~, Y-, and Z-exes, respectively

M free—stream Mach number (V/Speed of sound)

B = \,MQ -1

K Mach angle (arc tan %)

€ engle between leading edge end axis of wing symmetry
(Ses fig. 1.)

o) engle between trailing edge. a.nd axlas of wing symmetry
(see fig. 1.)

o rake sngle of wing tip (See fig. 1.)

tan ¢
tarr @

ml = = B Cot_A
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m, = ten & _ .
tan p 1—(1—7\,5)03
my = tan ¢
tan u
A sweepback angle of leading edge (90° — ¢)
6o = cot A= tan ¢
=
K 6%
b wing span
Cp wing root chord
® goomstric parameter of wing
26,8, _ 8my
b
16) m
8B(L + Ag)[2 + yf1 - 52223
AB(1 + Mg )F(mp + my)
S wing area
A aspect ratio (b2/S)
Mg taper—ratio parameter (ratio of tip chord to root chord
based on fictional wing with streemwlse tip; see
fig. 1)
AP local pressure difference between lower and upper surfaces
of airfoil, positive in sense of 1ift
fo! density
CP pressure coefficlent AP

1 2 -
29
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5 . _.

E' (my ) complete elliptic integral of second kind with modulus k;

n/2
f 41 — ¥°sin?z dz
0

1
* ) )
F'(ml) complete elliptic integral of first kind with modulus k;
f:r/e i
0 ql — k2sin?y |
2(1 - m12)
I(ml) =

(2~ m%)m! () - 7 (m)

L 1ift
! rolling moment
Cr, 118t coefficient( L >
L ov2s
2
!
Cy rolling-moment coefflcient I 5
= pPV=Sb
2
C = ——
Lo Oct >0
3¢
Cp = 1
P \yPb
av/pb
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All angles are measured in radiens. Subscripts o &and p when
used outside of parentheses refer to 1lift and roll, respectively.

ANATYSTS

Scope

The generel type of sweptback plan form treated in the present
paper 1s sketched In figure 1. For convenience, the trailing—edge
eangle 8 and the reke angle o are restricted to acute angles. The
orlentation of the wing with respect to a body system of coordinate
axes used in the analysis 1s indicated in figure 2(a). Figure 2(b)
shows the wing oriented wilth respect to the stabllity axes system. To
the first order in o (the angle of attack), the derivatives Cry,

and CIP have the same values in the stability system as they do in
the principel body axes system (shown dashed in fig. 2(b)).

The analysis 1s based on linearized theory and 1s Ilimited to wings
of venishingly small thickness that have zero camber and are not yawed
with respect to the stream direction. The derivetives are exact (wilthin
the bounds of linearized theory) for the range of supersonic speeds for
which the wing leading edge is subsonic and the wing trailing edge and
wing tip are supersonic. (An edge 1s termed "subsonic" if the stream
component normal to the edge is subsonic and is termed "supersonic" if
the normal component 1s supersonic.)

These condltions impose limitations on the angles e, &, and p
(that is, € <p, 8 >, end ¢ > u) that may be expressed as follows:

mg > 1 h
BA"(L + 2y) X \ (1)
BA'(1 + Ag) + 41 = 2g) sms
-~
where
160 myms

A A\l - (1 + xs)e(m2 + m3)AB
>

At =
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Consideratlion is given to some plan forms with subsonic wing tips
and subsonic tralling edges. Approximations for the condition of sub—
sonic wing tips are obtained by use of-reference T and approximations
for wings with subsonic tralling edges are based on modifications of
both reference 9 and some unpublished work by H. S. Ribner of the
Lewls Flight Propulsion Iaboratory. The numerical results presented
Incorporate these corrections wherever practicable, although the mathe—
matical equations developed in the present paper apply specifically to
plen forms satisfying the restrictions imposed in equation (1).

Baslic Considerations

The evaluation of the derlvatives CI,OL and Czp involves essen—

tially a knowledge of the lifting-pressure distribution over the wing
aggociated wlth angle of attack for C;, and with rolling for Czp.
(o

Consider the triangular wing sketched in figure 3(a). If the
trailing edge is cut off from the tip to the center line slong an angle
always greater then the Mach angle, the pressure distribution over the
remaining portion of the wing will be unchanged. This fact arises from
the nature of the supersonic flow in which dlsturbances are confined
wlithin the Mach cone from the origin of the disturbance. The afore—
mentioned cutting procedure produces therefore a serles of sweptback
tapered wings having pointed tips (see fig. 3(b)). The plan forms
under consideration msy now be obtained by cutting off the pointed tips
slong lines having angles greater than the Mach angle (fig. 3(c)).

The pressures over the remalning portlon of the wing are exactly the
same as 1f the cutbacks had not been made; that is, the pressure at

peint (xo ,yo) for example, remains unchanged.

The appropriate pressure coefficient for the evaluation of the
lift—curve slope CLOL may be obtalned from conslderation of refer—

ences 10 and 1l and is expressible as: _

L
(©p)e = —— - o (@)

Bov (m) 1~
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The pressure coefficlent for rolling 1s derived In reference 12 and
is as follows:

2p6021(ml)

xn

UI—TF

The stability derivatives Cr; and C-LP are then obtalned by
performing the indicated operations:

(3)

A

1 9 .
&g [ )
2v

where the integration is performed over the complete wing.

Lift—Curve Slope Cr,

The particular form of the lifting-pressure coefficlent (constant
pressure along lines 1 = Constant — see eguation (2)) suggests the
polar-integration procedure for the derivation of CI,“. Thus, the

wing is considered as composed of an infinite number of elemental tri-
angular areas (see fig. k), The 1ift is then determined for each tri-—
enguler area and the results summed by Integratlion as indicated in
equation (La).

The following geometric relatiomships willl prove useful in setting

up the integral and masy be readily derived from informetion given in
figure 4. For wing region TOD,

=
Cpllin
Xy = ——
Tp — Ty
crmee
ay = ———— a7 g (52)
Tp = T

a
as = % 0,0y 2m2 _-"—-2-
| (mo — mmy) y
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For wing region TOG,
-
b [T 4 T3
17 %
b ml + m3
= 6, dn = = —_— | 4
dyy = X108, dn = 3 (mln T ) > (5b)
2
2 {m +m
as = = x ayy = 2 3} an
2 86, \mn + m J

Equation (la) may now be rewritten as (see fig. 4 for information
pertinent to integration limits)

he c:reme2

SE'( ml)

bz(ml + m3)2

e

an +
(mo - TIE1)2\Jl - n°

SE(m)

M

(6)

dn
(mpn + m3)2\,l -2

me ml+m3—m
J£<m2+ml+n3:;)



Integratlion and simplificatlon ylelds

B amp(my — mg) + (m? ~ mée)
E'(m]'_) (mp + m3)(ml - m22) (my, — m3)

30z, = a2+ my ) =3y @ g~ mf -

e 37 {gm—l meo(m® + o) ¥ (m v mg)(m® - mf) stz ml] +
e) &

(2 = w0y + mg) m

oy, ) mg \!ml + mq ol amp(my — m3) + (m12 + mems) | -

(me? = m2)  (mg—m)3/2 oy (my + m3)

For the special cese of cross—ebrean tlps — that 1s, for m3-rw - equation (7) reduces to

AB o [ 2 2 EI
B0y, = — - ~m2(1~m)]+
B (my ) mEE_mlgEMi \Jml

3 2p + m2 ~ ms2 (1 -~ )
mema stn L 2 sin T 22 - + cog™* 2 (8)
(m22 _ mlg )3/2 mp T T oy,

ghoe NI VOvA
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Damping-in~Roll Derivative C Tp

In a menner analogous.to the procedure employed in the previous
section for Cf , the rolling moment is determined for an elemental

triangle and the result ls integrated over the wing area to enable the
eveluation of Czp for the complete wing. '

The rolling mcoment of an elemental triangle 1s
dL! = —yp 4L (9)

vhere yg 1s the perpendicular dlstance from the roll axis to the polnt

on the trlangle where the resultent 1ift acts. It cen be shown that,
when the pressure is of the form x F(n) (as is indeed the case for

rolling — see equation (3)), the resultant 1ift acts at the %-—chord.

point of the triangle, that—is, at %xl

Since the y—coordinate of—thils point is
YR = % X181 (10)
and the 1ift (due to rolling) on an elementsl triangle is

X1
aL = (AP),6, dn x ax

_ Vpe0o 3T (my )%, 3 N
3 1- 1']2

dy . (11)
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the followlng integral form for CZP mey be obbained from consideratiom
of equations (Ub), (5), (9), (10), and (11): '

2 d

o = O |art .
D 2 pb L
pV=Sb 9 =F | |
mo (ml + m3 — m3m
ml (Dl'ﬂe + ml + I )
_ _chheohl(ml)meh 3 n°an 3
s (mp - )" L = 72
0
o L 1
b7(my + m3) "I(m) 17dn

_ - m (12)
me_(ml + mg —rg3w)(m3 )TN -

8s

E:[ cbm2+ml+m3



Integration and simplificatlion ylelds

w + mg) (ongt — 22 — GmyY) 1 w2 (om? ¢ 2502) (mgo + my + 13)9}

gt

2> {(”1 + 2y = om flom v 20m2n? - mt) (o vy - me) o (s }
er?(

ABL(m )
16 (".‘I.’2 - .22)3 3:12m3(n2-+ 13)3
25k + 2,7) 2ommg) ¢ (m ot m)nf o nf) Com ] med(em® e amf))
—mE mmen{my + 13') "2 3
oe(m + 23 = amjpel 1 23 ~omg)(6n’ +
LomP? — n5*) + gl < my + ag) (e +

) e M ki M i ) B i W Y]« mon?fon? < 1) (om0 f
(mﬂ. - l3)3 wg 4:32-—:;1_2 3n12l.32(nl + :3)3(1119 - n.3)3

!Em+n1+13)2—n22(n1-rn3--.3m)2+

Y i

gnoe NI VOVN



For the special cese of oross—stream tips — that is, mg+»= — equetion (13) reduces to

amrfm) | _mmp(em? ¢ 2m,2)

BC7 = ~
ke 16

(1%)

g0 NI VOVN

€T
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Tt should be noted that the I(my) function present in the formulas
for rolling, as well as the i (ml) function in the case of 1ift, are
elliptic functions. For purposes of. convenlence in applying the final

1
formlas, variations of E"(m) = .
E* (myp)

end I(my) with m; are pre—

gsented In filgure 5.
RESUITS AND DISCUSSION

As stated previously, the equations are derived specifically for
wings with subsonic leading edges, supersonic trailing edges, end super—
sonic wing tips. The design charts presented, however, include cases
for subsonilc wing tips and subsonic trailing edges. The approximations
used to correct for the subsonic tips are based on formmlas (for wings
with streamwlse tips) presented in reference 7, modified to take into
eccount differences in wing—tip configurations. The approximations used
t0 correct for certain classes of subsonic trailing edgee (those cases
where the Mach lines from the espex of the trailing edge Intersect the
tip) ere based on meodifications ofboth reference 9 and some unpublished
research. All numerical calculations for the design charte (figs. 6
to 9) based entirely on the equations derived in the present paper are
represented by those solid—line portions of the curves to the right of
the boundary line. Those computations incorporating the aforementioned
corrections and approximetione for subsonic tips and subsonic tralling
edges are indicated by the solid—line portions of the curves to the
left of-the boundary line. The dashed portions of the curves (which
refer to plan forms with subsonic trailing edges where the Mach lines
from the apex of the tralling edge intersect the leading edge) are
glven merely as a guide and do not represent actual calculations. The
gsections of the dashed curves adjacent to the solid sections are belileved
to give falr approximations; the sectlons of the dashed curves remote
Prom the solid sections may, be quite inaccurate and should be used only
as rough approximetions. Informetion relative to the quentitative
evaluation of the 1ift end demping in roll for such cases maey he found
in reflerences 13 and lll-, respectively.

+|



Two types of reked—in tlps were ocnsidered for calculation purposes: the special case
of cross—stream tips (cr = -’ét-) for which the gecmetric paramster « becomes

gh0oc ML VOVN

b (1 = dg ) + AB(L + Xg) \[AEBQ(l + Ag)? — By AB(1L : Ae2) + 16m3(1 - ag)?
GJUE% = oAB (155-)

and the case where the rake angle equals the tralling-edge ahgle (o = &) Ffor which the
perameter o 18 expresslble as

by (1 = g) + AB(L + Ag) ~ \}AEBE(l + Mg)? — BABm + 16m%(1 — Ag)?

@8 = - (15b)
AB(Q = LElg)
_ oy .
Ihasmoch as = B cot A and = the dorived formmlas for B equation
m m, (- ) Or, (eq s (7)

and (8)) and BCy, (equations (13) and (14)) are readily seen to be functicns of the param—

oters AB, B cot A, and Ag. Design charts were prepared in terms of these perameters and are
pregsented in figures 6 to 9., Figures 6 and 7 rresent lift—curve—slope calculations of *the

winges with reked—in tips (o = 8) and cross—stream tips (cr = ;—f), respectively; corresponding
charts for damping in roll are given in figures 8 and 9.

€T
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For illustrative purposes, some specific veriatioms of the

derivatives Cp and Oy with each of the paremeters — aspect ratio,
@ D
taper ratio, Mach number, and leading-edge sweep — are presented in

Pigures 10 and 11, respectively. Comparison.wlth results obtalned from
reference T for streamwise tips is indicated in each figure.

CONCILUDING REMARKS

On the basis of the linearized theory for supersanic flow, the 1lift=
curve slope Cp  and the damping-in—roll derivative Czp have been
o

eveluated for families of thin eweptback tepered wings with raked—in
and cross—stream wing tips for a limited range of supersonic speeds.

Results of the analysls are presented in the form of design charts
which permit rapid estimetion of the derivatives. Some illugtrative
variations of the derivatives with aspect ratio, taper ratio, Mach
number, and leading—edge sweep are also presented and compared with
corresponding data for wings with streamwlse tips.

Langley Aerocnauticel Iaboratory
Netional Advisory Committee for Aeronautics
Lengley Air Force Base, Va., December 8, 1949
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(a) Notation and body axes used in analysis,

(b) Stability axes. Force and moment arrangement in principal
body axes system is identical with that—of stability axes
system. (Principal body axes dashed in for comparison,)

Figure 2.- System of axes and assoclated dsta.
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(2) Triangular wing. {(¢) Sweptback wing with raked-in tips,

Figure 3.- Wings with identical pressures at corresponding points (for example, at point (xo,¥o)).

ar0d NI VOVN
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£Elemental friangle
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[
F X, Cenfer of pressure
C, For rolling
x/
A
Y D
/
X N,
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Figure b.- Sketch of right panel of wing showing an elemental trlangle
and essociated data pertinent to integration limits. Relation_

Y and ‘equation of line connecting O and T:
X tan € :

> 'ml g - MO
ﬂ "'Eaf(wmg +mp +mg )

for x, y, n: 7 =
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Figure 5.- Veriation of the elliptic-integral factors E"(m) end I(mp)
with ml . -
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Figure 6.- Veriation of B1, Wwith B cot A for wings with raked-in

tips (0 = 8). See section entitled "Results and Discussion” for
slgnificance of boundary line and dashed portions of curves.
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Figure T.- Variation of BCLG with B cot A for wings with cross-
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Figure T.-~ Continued.



NACA TN 2048

29

- boundary line

I LI i I !

1
/,f 8
L~ /,,
- P
\5 ’, ,/ 7 —T
— ‘ ’// 6
// ,1’ P /‘1
// ,’777 )
- P . .
/ VA
i , /s s B

/
-
/ ’4”/’, /
— / s ’
/ 4 I) 7’ 1
¢ s
. / s ’ Pd J
,

BC, 3

I s 4 ,’j’ /

A 2

[ / S //r/ .
/ II/ ‘v st -
y) V2 ARV IR
’r/,/ P4
VY 7 YAl
» A IIIII:J/’
/ 15,/4’//'
-~ JIIAILII
4
’ 4"://7’
- A 2
V4 ,/ﬁ 4
7 8177
Yz
;7%
n,92"
e I Y 44
I X4
1,40
i
4

L2 NACA
, ) ;
z | | 1 ] [ 1 | 1 ! i

0 2 4 6 8

B cot A

(c) Ag = 0.75.

Figure T.~ Concluded.

L0



30 NACA TN 2048
.8 ] T | |
- Loundary line
= AB =
6 /0
- V 8
el |
j// 7
—< %7/ 6
- /4:./ ’r - //_-'—__L-’__5
-BC, 4 AP Vi . wl ]
Zp ’ - : ] f,’, g st 4
™" /t”/ff.’ /”j —"
L4 '/;’/ ’1”// “
/{’z:-'/:’ N J
- A A
L -1l -~
2 2
T
- P27 Ml
2o .
”’,”I"f
0
B ‘f}%'
- | | i | 1 1 | 1 T
o 2 A .6 S LO
B cof /L
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Figure 8.- Variation of -BC with B cot A for wings with raked-in
lp

tips (0 = 8). See section entitled "Results and Discussion" for
significance of boundary line and dashed portions of curves.
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Figure 8.- Continued.
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Figure 10.- Some illustrative varlations of lift-curve slope CLa with
Mach number, sweepback, taper ratio, and aspect ratio for wings with
cross-stream tips (cr = g), reked-in tips (o = 8), and streamwise

tips (0 = O - data from reference 7). Sample wings sketched in
figure have following characteristics: A = 4, Ag = 0.5, A = 53°,

and constant wing areas.
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Figure 11.- Some illustrative variations of damping-in-roll derivative "C'Lp

with Mach number, sweepback, taper ratio, and aspect ratio for wings

with cross-stream tips (c =g , raked-in tips (o = 8), and streamwlse

tips (0 = O - data from reference T). Sample wings sketched in figure
have following characteristics: A = k4, Ag = 0.5, A = 53°, and
constant wing area. :
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